The relation between nonlinear algebras and linear ones is established. For one-dimensional nonlinear deformed Heisenberg algebra with two operators we find the function of deformation for which this nonlinear algebra can be transformed to a linear one with three operators. We also establish the relation between Lie algebra of total angular momentum and corresponding nonlinear one. This relation gives a possibility to simplify and to solve the eigenvalue problem for the Hamiltonian in a nonlinear case using the reduction of this problem to the case of linear algebra. It is demonstrated on the example of harmonic oscillator.
Introduction
Historically the first publication on the subject of deformed Heisenberg algebra was Snyder's paper [1] where the Lorentz-covariant deformed Heisenberg algebra leading to a quantized space-time was proposed. For a long time there were only a few papers on this subject. The interest to deformed algebras was renewed after investigations in string theory and quantum gravity which suggested the existence of a nonzero minimal uncertainty in position following from the generalized uncertainty principle (GUP) (see, e.g., [2, 3, 4] ). In [5, 6, 7] it was shown that GUP and nonzero minimal uncertainty in position can be obtained from some modifications of Heisenberg algebra. Subsequently there were published many papers where different systems and their properties in space with deformed Heisenberg algebra was studied: one-dimensional harmonic oscillator with minimal uncertainty in position [6] and also with minimal uncertainty in position and momentum [8, 9] , D-dimensional isotropic harmonic oscillator [10, 11] , threedimensional Dirac oscillator [12] and one-dimensional Coulomb problem [13] , (1+1)-dimensional Dirac oscillator with Lorentz-covariant deformed algebra [14] , three-dimensional Coulomb problem with deformed Heisenberg algebra in the frame of perturbation theory [15, 16, 17, 18, 19] , singular inverse square potential with a minimal length [20, 21] , the scattering problem in the deformed space with minimal length [22] , ultra-cold neutrons in gravitational field with minimal length [23, 24, 25] , the influence of minimal length on Lamb's shift, Landau levels, and tunneling current in scanning tunneling microscope [26, 27] , the Casimir effect in a space with minimal length [28] , the effect of noncommutativity and of the existence of a minimal length on the phase space of cosmological model [29] . various physical consequences which follow from the noncommutative Snyder space-time geometry [30] , the classical mechanics in a space with deformed Poisson brackets [31, 32, 33] , composite system in deformed space with minimal length [34, 35] , equivalence principle in deformed space with minimal length [36] .
We would like to note that all the deformed algebras studied in the above references are nonlinear ones. In this paper we consider the relation between nonlinear algebras and linear ones. As far as we know, up to now this question has not been studied in the literature. So, the aim of this paper is to fill this gap.
Linearization of deformed algebra
Let us consider a one-dimensional deformed nonlinear Heisenberg algebra with function of deformation f (P ), namely
where = 1. The function of deformation is an even f (−P ) = f (P ) and positive function. It means that the space has the same properties in two opposite directions. The momentum representation reads:
Comparing (5) and (6) we find α = γ = 0. So, only equation
has even solutions. The solution in this case reads
where c is the constant of integration. Choosing " + " in (8) and putting constant of integration c = 1 we have an even and positive function of deformation
The linear algebra in this case reads
This is Lie algebra. One can find the Casimir operator (invariant) for this algebra
commuting with all elements of the algebra. When we return to nonlinear deformed algebra we find that the Casimir operator is constant. Really,
So, in this section we found that when the function of deformation is given by (9) then nonlinear algebra (1) for two operators can be transformed to linear algebra (10) with three operators.
Let us consider in more detail linear algebra (10) denoting the hermitean generators as
and they fulfill commutation relations in the form
where β = ±λ 2 . So, the momentum realization of this algebra takes a canonical form
It is convenient to use a pair of commuting hermitean operators P + , P − defined as follows
satisfying the relations
In this basis the Casimir operator (11) take the form
(i) Inhomogeneous hyperbolic rotations of two-dimesional plane ISO(1 , 1)
In the case β > 0 we obtain three dimensional Lie algebra generated by P + , P − , A 3 satisfying the commutation relations
where A 3 generates so(1 , 1) hyperbolic rotations. The Lie algebra iso(1, 1) ∼ so(1, 1) t 2 is a semidirect sum of hyperbolic rotations and translations t 2 (we use the notation of reference [37] ). We can change the momentum variable λ p = sinh(λξ) then generators P ± take a simple form
In this realization the spectrum of both generators P ± is positive and it is easy to find the hermitean generators of the algebra iso(1, 1) in the Hilbert space of the square integrable functions φ ∈ L 2 (R). First we notice that the scalar products are related as follows (cf. (3))
whereφ(ξ) = φ((1/λ) sinh ξ) and the generators of Lie algebra iso(1, 1) take the form
(ii) Inhomogeneous rotations of two-dimesional plane ISO (2) Similarly, in the case β < 0 we get the Lie algebra iso(2) of transformations of the Euclidean plane
where A 3 is a generator of rotations of two-dimensional plane. The algebra iso(2) ∼ so(2) t 2 is a semidirect sum of so(2) rotations and twodimensional translations t 2 . Introducing new variable θ , λ p = sin(λ θ) we get
The hermicity condition puts on the generators P ± implies that −1 ≤ λ p ≤ 1 and
if we demand that the correspondence p ↔ θ is unambiguous. In considered case the scalar products are related in the following way
whereφ(θ) = φ((1/λ) sin θ) and the generators of Lie algebra iso(2) of Euclidean group are given by the formulae
or equivalently
It is worthwhile to notice that operators A 1 , A 2 in this representation appeared in quantum mechanics as the sine and cosine operators in discussion on existence of the self-adjoint phase operator [39] .
(iii) On expansion to simple algebras so(2, 1) and so(3).
Both considered Lie algebras are closely related to three dimensional orthogonal and pseudo-orthogonal rotation algebras by the expansion procedure. Further we shall follow the framework of expansion described in ref. [38] (Chapter 10).
We define new generators as follows
where {A , B} = AB + BA. Using the relation {A , B} = 2AB − [A , B] we find the commutation relations (a) for β = λ 2 > 0:
Introducing redefined generators
where ε = ±1 and the Casimir is given by (20) , then we obtain the relations
or
whereP ± (ε) =Ã 2 ±Ã 1 ,Ã 3 = A 3 . Let us notice that for ε = 1 all generators A k (k = 1, 2, 3) are hermitean and the second order Casimir operator have the formC
and for ε = 1 the hermitean generatorsÃ k span the Lie algebra so(2, 1).
On the other hand for ε = −1 the generatorsÃ 1 ,Ã 2 become antihermitean operators and span the Lie algebra so(3) as an extension of so(2, 1) algebra by the Weyl unitary trick [38] .
Similarly, the commutation relations take the form (b) for β = −λ 2 < 0:
Now, redefined generators are given bỹ
The commutation relations forÃ k generators take the form
and the Casimir operator is given bỹ
We see that for ε = 1 the generatorsÃ k are hermitean operators and form a simple three dimensional rotation algebra so(3). For ε < 0 the generators A 1 ,Ã 2 become nonhermitean and we obtain a nonhermitean realization of so(2, 1) non-compact pseudo-orthogonal Lie algebra.
Minimal length versus discreteness of configurational space
In the paper [40] we obtain the result for the minimal length which is defined as the minimum in uncertainty of position operator
With function of deformation (9) for β ≥ 0 the momentum is defined on the whole line −∞ < p < ∞ and we demand the boundary conditions φ(−∞) = φ(∞) = 0. The minimal length l 0 in this case is zero. Let us consider in more detail the second case β = −λ 2 < 0 with the function of deformation
The momentum now is bounded to the region −1/λ < p < 1/λ. In this case the minimal length l 0 is nonzero (see paper [40] )
Here it is important to note that the result concerning the minimal length was obtained in [40] for zero boundary conditions
The eigenvalue equation for the position operator X with these boundary conditions does not have solutions that are in agreement with the the fact that according to (47) the uncertainty in position is nonzero (∆X) 2 = 0. Now let us consider nonzero boundary conditions
and
which are weaker than those imposed in [40] . Therefore the result concerning the minimal length now is not applied.
The eigenvalue equation for the position operator in this case reads
The square integrable solution for eigenfunction is
The boundary condition (49) in an explicit form reads
and for the eigenvalues we find
Similarly, for boundary condition (50) we find
and the eigenvalues now read
So, the eigenvalues of position operator are discrete. It is obvious that for eigenstates (52) the uncertainty in position is zero and therefore the minimal length is zero.
Thus we have two possible scenarios. When boundary condition (48) is imposed then there exists nonzero minimal length and there are no solutions of the eigenvalue equation for the position operator. For boundary condition (49) and (50) the solutions of the eigenvalue equation for the position operator exist, the eigenvalues are discrete and the minimal length is zero.
Angular momentum representation of linear algebra
It is easy to verify that linear algebra (10) with β = −λ 2 is satisfied by the operators
The Casimir operator (11) in this representation reads
Returning to nonlinear representation we find K = 1/λ 2 . As result of (57) the linear algebra (10) with β = −λ 2 is in fact the algebra of angular momentum L z and position operators x, y.
Let us consider in frame of this algebra eigenvalue problem for X that X is proportional to z-component of the angular momentum. In spherical coordinates the operators read
The eigenvalue equation
give the solution
The boundary conditions (49) and (50) now read
For (63) we find m = 2n, where n = 0, ±1, ±2, ... and thus eigenvalues for X is l n = λ2n, that is in agreement with (54). For (64) we find m = 2n+1, where n = 0, ±1, ±2, ... and thus eigenvalues for X in this case is l n = λ(2n + 1), that is in agreement with (56).
3 Algebra of total angular momenta and nonlinear algebra
In this section we consider nonlinear deformed algebra of the form
It is interesting that this nonlinear algebra is related with the Lie algebra for angular momentum
Squared total angular momentum J 2 commute with each component of the total angular momentum and is the Casimir operator. Let us consider the subspace with fixed eigenvalue of squared total angular momentum. Then
where j = 0, 1, 2, ... or j = 1/2, 3/2, 5/2, .... We find
Choosing " + " and substituting it into the first equation in (66) we obtain
Note that with " + " we are restricted to the subspace spanned by eigenstates of J z with positive eigenvalues.
As we see, this algebra is very similar to (65). Let us introduce operators of position and momentum as follows
Choosing
we obtain deformed algebra (65). So, nonlinear deformed algebra (65) is related with the Lie algebra for total angular momentum (66).
Finally, let us introduce new operator
Then according to (70) and (74) the algebra of operators X, P, F reads
Thus, the nonlinear algebra (65) with the help of operator (74) can be extended to linear one (75). It is worth to stress that parameters λ 1 and λ 2 are not independent but are related by (73).
Here it is worth to stress that in the limit λ 1 → 0 the linear algebra (75), which is related to the algebra of angular momentum, corresponds to (10), which is related to the algebra of transformations of the Euclidian space. This limit corresponds to the contraction procedure described in [37] (Chapter 13). Respectively, in the limit λ 1 → 0 deformed algebra (65) corresponds to (1) with the function of deformation (9) . Therefore, the contraction procedure relating two linear algebras relates also corresponding nonlinear deformed algebras.
Using representation (70) one can find that eigenvalues of position operator are λ 2 m, where −j ≤ m ≤ j and minimal length is zero. Similarly, the eigenvalues for momentum operator are λ 1 m and thus minimal momentum is zero.
In conclusion it worth stressing that proposed here construction of nonlinear algebra from linear one with the help of the Casimir invariant can be applied to an arbitrary linear algebra.
Harmonic oscillator
We consider the eigenvalue problem for harmonic oscillator with Hamiltonian
in space described by deformed algebra (65) where
This deformed algebra is related with the Lie algebra for total angular momentum when (73) is satisfied. It gives the relation
with function of deformation (9) can be transformed to linear algebra (10) with three operators. It is interesting to note that this linear algebra is equivalent to the Lie algebra of angular momentum L z and coordinates x, y. The next interesting fact revealed for algebra (1) with function of deformation (46) is that here we have two possible scenarios concerning the existence of the minimal length. When zero boundary condition (48) is imposed then there exists nonzero minimal length and there are no solutions of the eigenvalue equation for position operator. For nonzero boundary conditions (49) and (50) there exist solutions of eigenvalue equation for the position operator and the eigenvalues are discrete. The minimal length which is defined as a nonzero minimal uncertainty in position in this case obviously is zero. We also show that starting from linear algebra it is possible to find corresponding nonlinear one. Namely, starting from the Lie algebra for total angular momentum we construct corresponding nonlinear algebra for two operators which can be associated with position and momentum operators. The relation between linear and nonlinear algebras is not only interesting on its own right but is important from the practical point of view. This relation gives a possibility to simplify the eigenvalue problem for corresponding operators. It is demonstrated in section 3.1 on the example of harmonic oscillator with deformed algebra. Using the relation of this algebra with the algebra of total angular momentum we easily find the energy spectrum for this oscillator.
